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Abstract
In this paper, we find all the generic polynomials for geometric ℓ-cyclic function field extensions
over the finite fields Fq where q “ p
n, p prime integer such that q ” ´1 mod ℓ and pℓ, pq “ 1.
Throughout the paper we will adopt the following notations unless mentioned differ-
ently. K denotes a one variable function field with field of constants Fq where q “ p
n,
p prime integer. Given x P K, we denote OK,x is the integral closure of Fqrxs in L. Let
L{K be a cyclic Galois extension of degree ℓ with pℓ, pq “ 1. We write ℓ “
śs
i“1 ℓ
fi
i
where ℓi are distinct prime integers and fi positive integer. Let ξ be a primitive ℓ
th-root
of unity. We suppose that q ” ´1 mod ℓ. So that, by [2, Theorem 2.10], Fq do not
contains any primitive ℓth root of unity. More precisely, we have rFqpξq : Fqs “ 2 and
the minimal polynomial of ξ over Fq is X
2 ´ pξ ` ξ´1qX ` 1 and pξ ` ξ´1q P Fq. We
denote by σ the generator of GalpFqpξq,Fqq, we have that σpξq “ ξ
´1.
In this paper, our main result finds all the generic polynomials for geometric cyclic
function field extensions over those finite fields Fq (Theorem 1.5). We find a one pa-
rameter family of generic polynomials of a cyclic extensions when ℓ is odd and a two
parameters family of generic polynomials when ℓ is even (Corollary 1.8). We also clas-
sify cyclic extensions up to isomorphism over those finite field Fq (Lemma 1.10). Note
that, in particular, this permits to classify all the geometric cyclic extensions of degree
3, 4 and 6 over any finite fields Fq. We describe the Galois action on a generator with
a minimal polynomial in our form (Corollary 1.11). We end the paper with the study
of the ramification in term of our generation (Theorem 2.1). In particular, we find that
under our assumptions the ramified places are of even degree.
1 Generic polynomials for cyclic extensions
Lemma 1.1. Let L{K be a cyclic extension of degree ℓ with q ” ´1 mod ℓ. Suppose w
is a Kummer generator for Lpξq{Kpξq whose minimal polynomial is of the form Xℓ´ a,
y :“ σpwq ` w is a generator for L{K and u :“ σpwqw P K. We write ℓ “ 2ι` r, where
r “ 0, 1. Then, the minimal polynomial of y over K is of the form
Pℓu,αpXq “ X
ℓ ´ ℓuXℓ´2 `
ιÿ
s“1
cs,ℓu
sXℓ´2s ´ α
1
where α “ a ` σpaq and uℓ “ aσpaq, the coefficients cr
s, j
P Fp and are defined recursively
as
crs, j “ ´
sÿ
k“1
ˆ
2 j ` r
k
˙
cs´k, j´1´k P Fp
for 0 ď s ď j and 1 ď j ď ℓ and cr
0, j
“ 1 for all j ě 0. In particular, we have that
cr
1, j
“ ´p2 j ` rq, c1
j, j
“ p´1q jp2 j ` 1q and c0
j, j
“ p´1q j2.
Defining,
QlupXq “ X
l ´ ℓuXl´2 `
ιÿ
s“1
cs,lu
sXl´2s
for any l integer where the cs,l are define recursively as before, we have that if ℓ “
śt
i“1 li
where li are not necessarily distinct factors of ℓ, then
Pℓu,αpXq “ Plt,ul{lt ,αp¨ ¨ ¨ pQl2,ul1 pQl1,upXqq
Proof. Under the assumption of the theorem we determine the minimal polynomial of
y “ w ` σpwq. For if,
yℓ “ pw ` σpwqqℓ “
řℓ
i“0
`
ℓ
i
˘
wiσpwqℓ´i
“ wℓ ` σpwqℓ `
řℓ´1
i“1
`
ℓ
i
˘
wiσpwqℓ´i
“ a ` σpaq `
řι´p1´rq
i“1
`
ℓ
i
˘
wiσpwqipσpwqℓ´2i ` wℓ´2iq ` p1 ´ rq
`
ℓ
ι
˘
wισpwqι
“ a ` σpaq `
řι´p1´rq
i“1
`
ℓ
i
˘
uipσpwqℓ´2i ` wℓ´2iq ` p1 ´ rq
`
ℓ
ι
˘
uι
Note that ℓ ´ 2i is the same parity of ℓ.
We set ωr
j
“ w2 j`r ` σpwq2 j`r for 0 ď j ď ℓ´1
2
and p j, rq ‰ 0 and ω0
0
“ 1, then
ωrj “ w
2 j`r ` σpwq2 j`r “ y2 j`r ´
jÿ
k“1
ˆ
2 j ` r
k
˙
ukωrj´k
We have
ω1
0
“ y,
ω1
1
“ y3 ´ 3uy,
ω1
2
“ y5 ´ 5uy3 ` 5u2y,
ω0
1
“ y2 ´ 2u
ω0
2
“ y4 ´ 4uy2 ` 2u2
By induction in j for r “ 0, 1, we prove that
ωrj “
jÿ
s“0
crs, ju
sy2 j`r´2s
where the coefficients are obtained recursively as cr
s, j
“ ´
řs
k“1
`
2 j`r
k
˘
cr
s´k, j´k
, 1 ď s ď j
and j ě 1 and cr
0, j
“ 1 for all j ě 0. We also prove that cr
1, j
“ ´p2 j`rq, c1
j, j
“ p´1q jp2 j`1q
2
and c0
j, j
“ p´1q j2.
From the computation above we see that this property is true for j “ 1. Suppose
that this property is true for ωrt, 1 ď t ď j, for some fixed j. We want to prove it remain
true for wr
j`1
. Using the induction assumption, we obtain
ω j`1 “ y
2p j`1q`r ´
ř j`1
k“1
`
2p j`1q`r
k
˘
ukωr
j`1´k
“ y2p j`1q`r ´
ř j`1
k“1
uk
`
2p j`1q`r
k
˘ř j`1´k
s“0
cr
s, j`1´k
usy2p j`1q`r´2ps`kq
“ y2p j`1q`r ´
ř j`1
k“1
ř j`1
s1“k
`
2p j`1q`r
k
˘
us
1
cr
s1´k, j`1´k
y2p j`1q`r´2s
1
where s1 :“ s ` k
“ y2p j`1q`r `
ř j`1
s1“1
p´
řs1
k“1
`
2p j`1q`r
k
˘
cr
s1´k, j`1´k
qus
1
y2p j`1q`r´2s
1
Thus, cr
s, j`1
“ ´
řs
k“1
`
2p j`1q`r
k
˘
cr
s´k, j`1´k
, for 1 ď s ď j ` 1.
Clearly, cr
1, j`1
“ ´p2p j ` 1q ` rq.
Note that
(1)
0 “ p1 ´ 1q2n
“
ř
2n
k“0
`
2n
k
˘
p´1qk
“
řn
k“0
`
2n
k
˘
p´1qk `
ř
2n
k“n`1
`
2n
k
˘
p´1qk
“
řn
k“0
`
2n
k
˘
p´1qk `
řn´1
k“0
`
2n
k
˘
p´1qk
“ 2
řn´1
k“0
`
2n
k
˘
p´1qk `
`
2n
n
˘
p´1qn
Using the induction assumption, we have,
c0
j`1, j`1
“ ´
ř j`1
k“1
`
2p j`1q
k
˘
c0
j`1´k, j`1´k
“ ´2p´1q j`1
ř j
k“1
`
2p j`1q
k
˘
p´1qk ´
`
2p j`1q
j`1
˘
“ 2p´1q j`1 ´ 2p´1q j`1
ř j
k“0
`
2p j`1q
k
˘
p´1qk ´
`
2p j`1q
j`1
˘
“ p´1q j`12 using p1q
and
c1
j`1, j`1
“ ´
ř j`1
k“1
`
2p j`1q`1
k
˘
c0
j`1´k, j`1´k
“ ´p´1q j`1
ř j`1
k“1
`
2p j`1q`1
k
˘
p´1qkp2p j ` 1 ´ kq ` 1q
“ ´p´1q j`1
ř j`1
k“1
`
2p j`1q`1
k
˘
p´1qkp2p j ` 1q ` 1q ` 2p´1q j`1
ř j
k“1
`
2p j`1q`1
k
˘
kp´1qk
“ ´p´1q j`1p2p j ` 1q ` 1qp
ř j`1
k“1
p
`
2p j`1q`1
k
˘
´ 2
`
2p j`1q
k´1
˘
qp´1qkq
“ ´p´1q j`1p2p j ` 1q ` 1qp
ř j
k“1
`
2p j`1q
k
˘
p´1qk ´
ř j`1
k“1
`
2p j`1q
k´1
˘
qp´1qkq
“ ´p´1q j`1p2p j ` 1q ` 1qp
ř j`1
k“1
`
2p j`1q
k
˘
p´1qk `
ř j
k“0
`
2p j`1q
k
˘
qp´1qkq
“ p´1q j`1p2p j ` 1q ` 1q using (1)
Moreover, note that when ℓ “
śt
i“1 li where li are non necessarily distinct factor of ℓ,
the minimal polynomial of y over Ll1 the fixed field of L by the subgroup of GalpL{Kq
isomorphic to Z{l1Z is
Pl1u,α1pXq
3
where α1 “ w
l1 ` σpwl1q.
We let Ql1u “ P
l1
u,α1 `α1. Since y is a generator for L{K, we have that rKpw
l1 `σpwl1qq :
Ks “ ℓ{l1 and w
l1 is a Kummer generator for rKpξqpwl1q : Kpξqs, thus the minimal of y
over Ll1l2 the fixed field of L by the subgroup of GalpL{Kq isomorphic to Z{l1l2Z is
Pl2
ul1 ,α2
pQl1,upXqq
where α2 “ w
l1l2 ` σpwl1l2q. Recursively, we obtain that the minimal polynomial y of
L{K is
Plt
ul{lt ,α
p¨ ¨ ¨ pQl2
ul1
pQl1u pXqq
where Qlku “ P
lk
u,αk ` αk and αk “ w
l1l2¨¨¨lk ` σpwl1l2¨¨¨lkq.
By uniqueness of the minimal polynomial of y over K, we obtain that
Pℓu,αpXq “ Plt,ul{lt ,αp¨ ¨ ¨ pQl2,ul1 pQl1,upXqq

Remark 1.2. 1. The previous lemma hold for general field extensions over a field of
positive characteristic.
2. Note that when 2|ℓ, the polynomial Pℓu,αpXq only involve even degree monomials
and when pℓ, 2q “ 1, the polynomial Pℓu,αpXq only involve odd degree monomials.
3. We list some of those polynomials
¨ P3u,αpXq “ X
3 ´ 3uX ´ α,
¨ P5u,αpXq “ X
5 ´ 5uX3 ` 5u2X ´ α,
¨ P7u,αpXq “ X
7 ´ 7uX5 ` 14u2X3 ´ 7u3X ´ α,
¨ P9u,αpXq “ X
9 ´ 9uX7 ` 27u2X5 ´ 30u3X3 ` 9u4X ´ α,
¨ P11u,αpXq “ X
11 ´ 11uX9 ` 44u2X7 ´ 77u3X5 ` 55u4X3 ´ 11u5X ´ α
¨ P13u,αpXq “ X
13 ´ 13uX11 ` 65u2X9 ´ 156u3X7 ` 182u4X5 ´ 91u5X3 ` 13u6X ´ α
¨ P2u,αpXq “ X
2 ´ 2u ´ α,
¨ P4u,αpXq “ X
4 ´ 4uX2 ` 2u2 ´ α
¨ P6u,αpXq “ X
6 ´ 6uX4 ` 9u2X2 ´ 2u3 ´ α
¨ P8u,αpXq “ X
8 ´ 8uX6 ` 20u2X4 ´ 16u3X2 ` 2u4 ´ α.
We recognize P3u,αpXq when u “ 1 being the generic polynomials obtained in [3]
and [4]. We will prove that those polynomials Pℓu,αpXq are generic polynomials for
cyclic extensions of degree ℓ over Fq when q ” ´1 mod 3.
Lemma 1.3. Let L{K be a geometric cyclic extension of degree ℓ with q ” ´1 mod ℓ.
For any z Kummer generator for Lpξq{Kpξq, zσpzq P K.
Proof. By [1, Theorem 5.8.5], we know that Lpξq{Kpξq is a Kummer extension thus
there exists a Kummer generator z whose minimal polynomial is Xℓ ´ a with a P Kpξq.
Note that σpzq is also a Kummer generator for Lpξq{Kpξq with minimal polynomial
Xℓ ´ σpaq.
4
We can write Lpξq{Kpξq as a tower of prime degree extension
zℓ1 “ w1,1, ¨ ¨ ¨ ,w
ℓ2
1, f1
“ w2,1, ¨ ¨ ¨ ,w
ℓs
s, fs
“ a
and we get a tower of cyclic prime degree extension
Lpξq{Kpξqpw1,1q{ ¨ ¨ ¨ ¨ ¨ ¨ {Kpξqpws, fsq{Kpξq.
We set w0,1 “ z, ws`1, fs`1 “ a and f0 “ fs`1 “ 1.
We want to prove that zσpzq P K. Since σpzσpzqq “ zσpzq, zσpzq P L and we have
pzσpzqqℓ1 “ w1,1σpw1,1q, ¨ ¨ ¨ , pw1, f1σpw1, f1qq
ℓ2 “ w2,1σpw2,1q, ¨ ¨ ¨ , pws, fsσpws, fsqq
ℓs “ aσpaq
Similarly, wi, jσpwi,tiq P Kpwi,tiq, for any 1 ď i ď s and 1 ď ti ď fi.
We have two cases, either all the ℓi are odd or one of the ℓi is equal to 2, in which
case we can suppose without loss of generality that ℓs “ 2.
1. Case 1: all ℓ j are odd, for 1 ď j ď s.
Since pwi, jσpwi, jqq
ℓk “ wk,lσpwk,lq, for any 0 ď i ď s and 1 ď ti ď fi with
¨ k “ i ` 1 and l “ 1, when k “ i and j “ fi,
¨ l “ j ` 1 and i “ k, if 0 ď j ă fi,
then either wi, jσpwi, jq P Kpwk,lσpwk,lqq or Kpwi, jσpwi, jqq{Kpwk,lσpwk,lqq is a extension
of degree ℓk in L{K. But the later case is impossible since Kpwi, jσpwi, jqq{Kpwk,lσpwk,lqq
is a subextension in the cyclic extension L{K so it would be a Kummer exten-
sion, which is contradictory to the assumption that q ” ´1 mod ℓ implying that
q ” ´1 mod ℓk (see [1, Theorem 5.8.5]). From this, we can prove that
rKpzσpzqq{Ks “ rKpw1,1σpw1,1qq{Ks “ ¨ ¨ ¨ “ rKpws, fsσpws, fsqq{Ks “ 1
And thus, zσpzq P K.
2. Case 2: one of the ℓi is equal to 2, in which case we can suppose without loss of
generality that ℓs “ 2.
From Case 1, we know that
rKpzσpzqq{Ks “ rKpws,1σpws,1qq{Ks
(a) If fs “ 1, we have pws,1σpws,1qq
2 “ aσpaq.
Thus either ws, jσpws, jq P Kpws, j`1σpws, j`1qq or ws, jσpws, jq is a Kummer generator
for Kpws,1σpws,1qq{K and thus for Kpξqpws,1σpws,1qq{Kpξq. But then ws,1σpws,1q
and ws,1 are two Kummer generators for Kpξqpws,1σpws,1qq{Kpξq. Hence, by [1,
Theorem 5.8.5], there is d P Kpξq such that ws,1σpws,1q “ dws,1, thus ws,1 “
σpdq P Kpξq which is impossible since rKpξqpws,1q{Kpξqs “ 2 by assumption.
Thus ws,1σpws,1q P K and rKpzσpzqq{Ks “ 1 and zσpzq P K.
(b) If fs ą 1,
pws, jσpws, jqq
4 “ ws, j`2σpws, j`2q
for 1 ď j ď fs´1. Thus either ws, jσpws, jq is a Kummer generator of the degree 4
subextension Kpws, jσpws, jqq{Kpws, j`2σpws, j`2qq of L{K (since any subextension
5
of a cyclic extension is cyclic) or ws, jσpws, jq P Kpws, j`1σpws, j`1q. But since
q ” ´1 mod 2es thus q ” ´1 mod 4 and since K does not contain a primitive
4th root of unity ws, jσpws, jq cannot be a Kummer generator of degree 4 and
ws, jσpws, jq P Kpws, j`1σpws, j`1q. So that, we can prove that
rKpzσpzqq{Ks “ rKpws,1σpws,1qq{Ks “ rKpws,2σpws,2qq{Ks “ rKpws,esσpws,esqq{Ks
with
pws,esσpws,esqq
2 “ aσpaq
And using the same reasoning as in the case paq where fs “ 1 we can deduce
that ws,esσpws,esq P K and finally, we have again zσpzq P K.

Lemma 1.4. Let L{K be a geometric cyclic extension of degree ℓ with q ” ´1 mod ℓ.
For any z Kummer generator for Lpξq{Kpξq, there is η P Fqpξq
˚ such that σpηzq` ηz is
a generator for L{K and σpηqη “ 1.
Proof. We write z “ z1 ` ξz2, we have thus that z1, z2 P L and z2 ‰ 0 since z R L and
not both z1 and z2 are in proper the subextension of L{K over K since z is a generator
for Lpξq{Kpξq.
We have ξ` ξ´1 ‰ ˘2, since if this equality was satisfied, we would have X2 ´ pξ`
ξ´1qX ` 1 “ X2 ¯ 2X ` 1 is not irreducible over Fq contradicting that q ” ´1 mod ℓ
and thus rFqpξq : Fqs “ 2.
Taking ζ “ ξ´ξ
´1
pξ`ξ´1q2´4
,
ζz ` σpζzq “
ξ´ ξ´1
pξ` ξ´1q2 ´ 4
pz1 ` ξz2q `
ξ´1 ´ ξ
pξ` ξ´1q2 ´ 4
pz1 ` ξ
´1z2q “ z2.
Taking ζ1 “ ξ
´2´1
pξ`ξ´1q2´4
, we get
ζ1z ` σpζ1zq “
ξ´2 ´ 1
pξ` ξ´1q2 ´ 4
pz1 ` ξz2q `
ξ2 ´ 1
pξ` ξ´1q2 ´ 4
pz1 ` ξ
´1z2q “ z1.
For any 1 ď k ď fi and any 1 ď i ď s, we denote L
ℓk
i be the fixed field of L by
the unique subgroup of GalpL{Kq isomorphic to Z{ℓk
i
Z. Since z is a generator for Lpξq
over Kpξq, then z is also a generator for Lpξq over Lℓ
k
i pξq, for any 1 ď k ď fi and any
1 ď i ď s. Given 1 ď i ď s, either z1 or z2 is a generator of L{L
ℓ
fi
i , indeed if that was not
the case then both z1 and z2 would belong to a proper subextension of L{L
ℓ
fi
i but since
any such proper extension is contained in Lℓ
fi´1
i {K. Then z1 and z2 would both belong
to Lℓ
fi´1
i and z “ z1 ` ξz2 P L
ℓ
fi´1
i pξq contradicting that z is a generator for Lpξq{Lℓ
fi
i pξq.
That also implies in this case, that either z1 “ z ` σpzq or z2 “ ξ
´1z ` σpξ´1zq is
a generator for L{Lℓ
fi
i . Indeed, z ` σpzq “ 2z1 ` pξ ` ξ
´1qz2 and ξ
´1z ` σpξ´1zq “
6
2z2 ` pξ` ξ
´1qz1. As before, if none of them was a generator for L{L
ℓ
fi
i , we would have
that they both belong to Lℓ
fi´1
i but then the same would be true for
pξ` ξ´1qpξ´1z ` σpξ´1zqq ´ 2pz ` σpzqq
“ rpξ` ξ´1q2 ´ 4sz2
“ pξ` ξ´1 ´ 2qpξ` ξ´1 ` 2qz2
and for
pξ` ξ´1qpz ` σpzqq ´ 2pξ´1z ` σpξ´1zqq
“ rpξ` ξ´1q2 ´ 4sz1
“ pξ` ξ´1 ´ 2qpξ` ξ´1 ` 2qz1
Contradicting that either z1 or z2 is a generator for L{L
ℓ
fi
i , since ξ` ξ´1 ‰ ˘2.
When s “ 1, the theorem is proven by the above.
Otherwise, when s ą 1, note that if we have w P L generator for L over Lℓ
fi
i and L
ℓ
f j
j
for i ‰ j. Then rL : Lℓ
fi
i s “ rLℓ
fi
i pwq : Lℓ
fi
i s “ ℓ
fi
i
and rL : L
ℓ
f j
j s “ rL
ℓ
f j
j pwq : L
ℓ
f j
j s “ ℓ
f j
j
and ℓ
fi
i
ℓ
f j
j
|rL
ℓ
fi
i
ℓ
f j
j pwq : L
ℓ
fi
i
ℓ
f j
j s where L
ℓ
fi
i
ℓ
f j
j is the fixed field of L by the unique subgroup
of GalpL{Kq isomorphic to Z{pℓ
fi
i
ℓ
f j
j
qZ and L “ L
ℓ
fi
i
ℓ
f j
j pwq. Thus, z1 is a generator for
L{LI and z2 is a generator for L{L
J where I and J are subsets of t1, ¨ ¨ ¨ , su such that
IY J “ t1, ¨ ¨ ¨ , su with I and J maximal subsets having this property and defining LI to
be the fixed field of L by the unique subgroup of GalpL{Kq isomorphic to Z{p
ś
iPI ℓ
fi
i
qZ
and LJ to be the fixed field of L by the unique subgroup of GalpL{Kq isomorphic to
Z{p
ś
iPJ ℓ
fi
i
qZ.
As a consequence, if z1 “ kz2 for some k P K
˚ then z1 “ z ` σpzq and z2 “
ξ´1z ` σpξ´1zq are both generators for L{K and the theorem is proven.
Also, if either I or J is the all t1, ¨ ¨ ¨ , su then either z1 “ z`σpzq or z2 “ ξ
´1z`σpξ´1zq
is a generator for L over K and the theorem is again proven.
Otherwise, there is i0 P t1, ¨ ¨ ¨ , suzI and i1 P t1, ¨ ¨ ¨ , suzJ and i0 ‰ i1. Note also
that since by assumption ℓ “
śs
i“1 ℓ
fi
i
|q ´ 1 then q ´ 1 ě ℓ ą s. Indeed, ℓ is bigger
or equal to the product of the s smallest prime numbers and the sth smallest prime
number is already bigger than s. We denote Uq`1 the set of the pq` 1q
th roots of unity
in Fqpξq
˚, we have Uq`1 “ q ` 1 ą s ` 2. Note that by assumption ξ and ξ
´1 is a root
of RpXq “ X2 ´ pξ ` ξ´1qX ` 1 with pξ ` ξ´1q P Fq. Hence, we have also that ξ
q is a
root of RpXq and thus either ξ “ ξq or ξ´1 “ ξq but since ξ R Fq, we have ξ
´1 “ ξq.
So that, for χ “ c1 ` ξc2 P Uq`1, we have
χσpχq “ pc1 ` ξc2qpc1 ` ξ
´1c2q “ pc1 ` ξc2qpc1 ` ξ
qc2q “ pc1 ` ξc2q
q`1 “ 1
7
Moreover, z1, z2 and z1`χz2 are distinct elements in L, for χ P Fqpξq
˚ and ξ´1χ`1 P
Uq`1, since by assumption, z1 ‰ kz2, for any k, l P K.
Let χ1 P Fqpξq
˚ such that 1` χ1ξ
´1 P Uq`1 and 1 ď i ď s, then either z1 or z1 ` χ1z2
is a generator for L{Lℓ
fi
i , indeed, otherwise as before z1 and z1 `χ1z2 would both belong
to Lℓ
fi´1
i , and χ1z2 “ z1 ` χ1z2 ´ z1 P L
ℓ
fi´1
i , then z1 and z2 would both belong to L{L
ℓ
fi´1
i
again contradicting that z generates L over K as proven above. Thus, z1 ` χ1z2 is a
generator of L{LJ1 where J1 is a subset of t1, ¨ ¨ ¨ , su such that I Y J1 “ t1, ¨ ¨ ¨ , su with
J1 maximal subset having this property and L
J1 is the fixed field of L by the unique
subgroup of GalpL{Kq isomorphic to Z{p
ś
iPJ1
ℓ
fi
i
qZ. Similarly, given 1 ď i ď s, we can
prove that either z2 or z1 ` χ1z2 is a generator for L{L
ℓ
fi
i and thus J Y J1 “ t1, ¨ ¨ ¨ , su.
If J1 is all t1, ¨ ¨ ¨ , su then z1 ` χ1z2 “ ηz ` σpηzq is a generator L{K where η “
1 ` χ1ξ
´1 P Uq`1 thus ησpηq “ 1, proving the theorem.
Otherwise, there is i2 P t1, ¨ ¨ ¨ , suzJ1. But since J Y J1 “ t1, ¨ ¨ ¨ , su and I Y J1 “
t1, ¨ ¨ ¨ , su then i0 and i1 P J1 thus i0, i1 and i2 are distinct and |J1| ě 2.
We then let χ2 P Fqpξq
˚ such that 1 ` χ2ξ
´1 P Uq`1 and χ1 ‰ χ2, as before we
prove that z1 ` χ2z2 is also a generator of L{L
J2 where J2 is a subset of t1, ¨ ¨ ¨ , su such
that I Y J2 “ t1, ¨ ¨ ¨ , su, L
J2 is the fixed field of L by the unique subgroup of GalpL{Kq
isomorphic to Z{p
ś
iPJ2
ℓei
i
qZ with I Y J2 “ t1, ¨ ¨ ¨ , su and J Y J2 “ t1, ¨ ¨ ¨ , su with J2
maximal subset having this property. Given 1 ď i ď s, we can also prove using the
same argument as before that either z1 `χ1z2 or z1 `χ2z2 is a generator for L{L
ℓ
ei
i since
z1 `χ1z2 ´ pz1 `χ2z2q “ pχ1 ´χ2qz2 and
1
χ1
pz1 `χ1z2q ´
1
χ2
pz1 `χ2z2q “
χ2´χ1
χ1χ2
z1. So that
J1 Y J2 “ t1, ¨ ¨ ¨ , su.
If J2 is all t1, ¨ ¨ ¨ , su then z1`χ2z2 “ ηz`σpηzq is a generator L{K where η “ 1`χ2ξ
´1
proving the theorem.
Otherwise, there is i3 P t1, ¨ ¨ ¨ , suzJ1, and since I Y J2 “ J Y J2 “ J1 Y J2 “ t1, ¨ ¨ ¨ , su
we have i0, i1, i2 P J2 and thus i0, i1, i2, i3 are all distinct and |J2| ě 3. Reproducing this
process, with χ3, ¨ ¨ ¨χs´1 P Fqpξq
˚ such that 1 ` χiξ
´1 P Uq`1, for 1 ď i ď s ´ 1, all
distinct and distinct from χ1 and χ2 which exist since s ă |Uq`1|, we find that either
z1`χkz2 is a generator for L{K for some k P t3, ¨ ¨ ¨ , s´ 2u or |Js´1| ě s and z1`χs´1z2 is
a generator for L{K. In any case, we find η P Uq`1 such that ηz ` σpηzq is a generator
for L{K

Theorem 1.5. Let L{K be a geometric cyclic extension of degree ℓ with q ” ´1 mod ℓ.
There exists w a Kummer generator for Lpξq{Kpξq whose minimal polynomial is Xℓ´ a
such that y :“ σpwq`w is a generator for L{K and u :“ σpwqw P K so that the minimal
polynomial of y over K is Pℓu,αpXq as in lemma 1.1 where α “ a ` σpaq. Conversely,
if L{K is a geometric extension of degree ℓ with q ” ´1 mod ℓ and a generator y
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whose minimal polymomial is of form Pℓu,αpXq where u, α P K such that u
ℓ “ aσpaq and
α “ a ` σpaq, for some a P KpξqzK then L{K is a cyclic extension.
Proof. The first statement of the theorem is a direct consequence of Lemmas 1.1, 1.3
and 1.4, noting that if z is a Kummer generator for Lpξq{Kpξq then ηz is also a Kummer
generator for Lpξq{Kpξq, by [1, Theorem 5.8.5].
Conversely, suppose that L{K is an extension of degree ℓ with q ” ´1 mod ℓ and
a generator y whose minimal polymomial is of form Pℓu,αpXq where u, α P K such that
uℓ “ aσpaq and α “ a`σpaq, for some a P Kpξq. Let z1, z2 P L
alg where Lalg is the algebraic
closure of L the two roots of the polynomial X2 ´ yX ` u “ 0. Then y “ z1 ` z2 and
u “ z1z2, by Lemma 1.1, we have that
zℓ
1
` zℓ
2
“ Pℓu,αpyq ` α “ α
And since z2 “
u
z1
, we have
zℓ
1
`
uℓ
zℓ
1
“ α
and
z2ℓ
1
´ αzℓ
1
` uℓ
We have that
α “ a ` σpaq and uℓ “ aσpaq
then a and σpaq are root of the polynomial
X2 ´ αX ` uℓ “ 0
Hence, up to reindexing, zℓ
1
“ a and zℓ
2
“ σpaq and σpz1q ‰ z1 since a P KpξqzK.
Moreover, the coefficient of TpXq “ X2 ´ yX` u are in L, so that if z1 is a root of TpXq
then σpz1q is a root of TpXq and thus, z2 “ σpz1q. Since σpz1q ‰ z1, we also obtain that
ξ P Lpz1q from rLpz1q : Ls ď 2 we can conclude that Lpz1q “ Lpξq.
Since zℓ
1
“ a P Kpξq, rKpξqpz1q : Kpξqs ď ℓ. If rKpξqpz1q : Kpξqs ă ℓ, since Kpξqpz1q “
Kpξqpσpz1qq, then y :“ z1 ` σpz1q would belong to a proper subextension of L{K, and
rKpyq : Ks ă ℓ, which contradicts that y is a generator for L{K. As a consequence, z1 is
a Kummer generator for Lpξq{Kpξq and Lpξq{Kpξq is cyclic. The set of all the ζz1 where
ζ is a ℓth root of unity is the set of distinct roots for the polynomial Xℓ ´ a and then
ζz1`σpζz1q are the distinct roots of P
ℓ
u,αpXq. Indeed, ζ “ ξ
i for some 0 ď i ď ℓ´1, thus
σpζq “ ζ´1, ζz1σpζz1q “ u and pζz1q
ℓ`σpζz1q
ℓ “ zℓ
1
`σpz1q
ℓ “ α. Moreover, if ζ1 ‰ ζ2 ℓ
th
root of unity, such that ζ1z1 ` σpζ1z1q “ ζ2z1 ` σpζ2z1q then
ζ1´ζ2
´σpζ1´ζ2q
“
σpz1q
z1
“ 1
u
σpz1q
2,
which contradicts that L{K is a geometric extension. Proving that ζz1 ` σpζz1q are the
distinct roots of Pℓu,αpXq. This proves that L{K is cyclic.

Lemma 1.6. Let σ a generator of GalpKpξq{Kq with ξ a primitive ℓth root of unity. Let
d P Kpξq, σpdqd “ 1. There is A,B P OK,x such that
d “
A ` ξB
A ` ξ´1B
“
C ` ξ
C ` ξ´1
,
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where C “ A
B
.
When K “ Fqpxq, one can choose pA,Bq “ 1.
Proof. Let γ P K˚. If we have γ`dσpγq “ 0, then d “ ´
γ
σpγq
. Noting that ξ´ξ
´1
σpξ´ξ´1q
“ ´1.
In this case, on can take θ “ pξ´ ξ´1qγ and obtain
d “
θ
σpθq
.
Otherwise, let θ “ γ` dσpγq ‰ 0, so that,
dσpθq “ dσpγ` dσpγqq
“ dσpγq ` dσpdqγ
“ γ` dσpγq
“ θ
We write θ “ θ1 ` ξθ2, where θ1, θ2 P K. One can write θ1 “
A1
B1
and θ2 “
A2
B2
where
A1,B1,A2,B2 P OK,x so that θ “
A1
B1
` ξA2
B2
“ A1B2`ξA2B1
B1B2
and σpθq “ A1B2`ξ
´1A2B1
B1B2
, thus
d “
θ
σpθq
“
A1B2 ` ξA2B1
A1B2 ` ξ´1A2B1
Taking A “ A1B2 and B “ A2B1, we obtain the theorem for general K.
When K “ Fqpxq, one can take A “
A1B2
gcdpA1B2,A2B1q
and B “ A2B1
gcdpA1B2,A2B1q
and prove the
theorem, in this case. 
Corollary 1.7. Let L{K be a geometric cyclic extension of degree ℓ with q ” ´1 mod ℓ.
There exists w a Kummer generator for Lpξq{Kpξq whose minimal polynomial is Xℓ´ a
such that y :“ σpwq ` w is a generator for L{K and so that the minimal polynomial of
y over K is Pℓu,αpXq as in lemma 1.1 where α “ a ` σpaq and
1. when ℓ is an odd integer, u “ wσpwq “ aσpaq “ 1;
2. when 2|ℓ, a
u
ℓ
2
σ
`
a
u
ℓ
2
˘
“ 1 where u “ wσpwq P K and
Pℓu,αpXq “ P
ℓ
2
1, α
u
ℓ
2
`X2 ´ 2u
u
˘
.
More precisely, y generates the extension L{L2 where L2 is the fixed field of L by
the unique subgroup of GalpL{Kq isomorphic to Z{2Z with generating equation:
y2 “ 2u ` z2 ` σpzq2 “ u
`
2 ` y
˘
where y “
σpzq
z
` z
σpzq
generates L2{K with minimal polynomial
P
ℓ
2
1, a
u
ℓ
2
pXq
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Proof. 1. Suppose ℓ is an odd integer.
Let z be a Kummer generator for Lpξq{Kpξq whose minimal polynomial is Xℓ ´ c,
then
σpzq
z
is a Kummer generator Lpξq{Kpξq. Indeed, if it was not then v “
σpzq
z
would belong to a proper subextension L1 of L but since zσpzq P K by Lemma 1.3,
then
σpzq
z
zσpzq “ σpzq2 P L1 but since z is a Kummer generator for Lpξq{Kpξq, so is
σpzq and since ℓ is odd, σpzq2 is a Kummer generator of Lpξq{Kpξq, by [1, Propo-
sition 5.8.7] which leads to a contradiction. By Lemma 1.4, there exist η P Fqpξq
˚
such that ησpηq “ 1, ηv ` σpηvq is a generator for L{K. Thus taking w “ ηv, we
have y :“ w ` σpwq is a generator for L{K and wσpwq “ 1, wℓ “ ηℓ
σpcq
c
“: a and
by Lemma 1.1, the minimal polynomial of y is Pℓ
1,α
where α “ a ` σpaq.
2. Suppose ℓ is an even integer. Thanks to Theorem 1.5, we can choose w to be a
Kummer generator for Lpξq{Kpξq whose minimal polynomial is Xℓ ´ a such that
y :“ σpwq ` w is a generator for L{K with minimal polynomial Pℓu,αpXq with u “
wσpwq P K and α “ a ` σpaq. Note that
σpωℓq
ωℓ
“
σpaq2
uℓ
thus
σpω
ℓ
2 q
ω
ℓ
2
“
σpaq
u
ℓ
2
And
a
u
ℓ
2
“
ω
ℓ
2
σpω
ℓ
2 q
“
a
ℓ
2
σpaq
σ
` a
u
ℓ
2
˘
“
u
ℓ
2
a
.
As a consequence,
a
u
ℓ
2
σ
` a
u
ℓ
2
˘
“ 1
Note that since Pℓu,αpXq only involves even monomial we can write P
ℓ
u,αpXq “ QpX
2q.
where QpXq is a monic irreducible polynomial over K and degpQpXqq “ ℓ
2
. Thus
QpXq is the minimal polynomial of y2, rKpy2q : Ks “ ℓ
2
and L2 “ Kpy
2q and
y :“
y2´2u
u
“
σpwq
w
` w
σpwq
is also a generator for L2{K since u P K. Moreover,
σpwq
w
Kummer generator for L2{K such that
`σpwq
w
˘ ℓ
2 “ a
u
ℓ
2
, thus by Lemma 1.1, the
minimal polynomial of y is P
ℓ
2
1, a
u
ℓ
2
pXq and the the result.

Combining together Theorem 1.5, Corollary 1.7 and Lemma 1.6, we obtain:
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Corollary 1.8. Let L{K be a cyclic extension of degree ℓ with q ” ´1 mod ℓ. There
exists w a Kummer generator for Lpξq{Kpξq whose minimal polynomial is Xℓ ´ a such
that y :“ σpwq ` w is a generator for L{K and u :“ σpwqw P K so that the minimal
polynomial of y over K is
1.
Pℓ
1,αpXq “ X
ℓ ´ ℓXℓ´2 `
qÿ
s“1
cs,ℓX
ℓ´2s ´
2A2 ` 2pξ` ξ´1qAB ` pξ2 ` ξ´2qB2
A2 ` pξ` ξ´1qAB ` B2
for some A,B P OK,x such that a “
σpA`ξBq
A`ξB
and u “ 1, when ℓ is an odd integer;
2.
Pℓu,αpXq “ X
ℓ ´ ℓuXℓ´2 `
qÿ
s“1
cs,ℓu
sXℓ´2s ´ u
ℓ
2
2A2 ` 2pξ` ξ´1qAB ` pξ2 ` ξ´2qB2
A2 ` pξ` ξ´1qAB ` B2
,
for some A,B P OK,x such that a “ u
ℓ
2
σpA`ξBq
A`ξB
, when ℓ is an even integer;
where cs,ℓ are defined in Lemma 1.1.
Remark 1.9. Note that
2A2 ` 2pξ` ξ´1qAB ` pξ2 ` ξ´2qB2
A2 ` pξ` ξ´1qAB ` B2
“
2C2 ` 2pξ` ξ´1qC ` pξ2 ` ξ´2q
C2 ` pξ` ξ´1qC ` 1
where C “ A
B
.
One can obtain the following result combining Theorem 1.5 and Proposition 5.8.7.
VS
Lemma 1.10. Let L1{K and L2{K be two geometric cyclic extensions of degree ℓ with
q ” ´1 mod ℓ. For i “ 1, 2, there exists wi a Kummer generator for Lpξq{Kpξq whose
minimal polynomial is Xℓ´ ai such that yi :“ σpwiq`wi is a generator for L{K, so that
the minimal polynomial of yi over K is P
ℓ
ui,αi
pXq as in lemma 1.1 where αi “ ai ` σpaiq
and ui :“ σpwiqwi P K. Then, the following assertions are equivalent:
1. L1 “ L2
2. L1pξq “ L2pξq
3. w2 “ cw
j
1
so that y2 “ cw
j
1
` σpcqσpw1q
j for all 1 ď j ď n ´ 1 such that p j, nq “ 1
and c P Kpξq.
4. a2 “ c
ℓa
j
1
so that α2 “ c
ℓa
j
1
` σpcℓqσpa1q
j, for all 1 ď j ď n ´ 1 such that p j, nq “ 1
and c P Kpξq.
The following result is a direct corollary of the previous lemma.
Corollary 1.11. Let L{K be a geometric cyclic extension of degree ℓ with q ” ´1 mod ℓ.
There exists w a Kummer generator for Lpξq{Kpξq whose minimal polynomial is Xℓ´ a
such that y :“ σpwq ` w is a generator for L{K, so that the minimal polynomial of y
over K is Pℓ,u,αpXq as in lemma 1.1 where α “ a ` σpaq and u :“ σpwqw P K. Then
the Galois group can be identified with the group of the ℓth root of unity, and the Galois
action is given by y ÞÑ yζ “ σpζwq ` ζw
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2 Ramification
Theorem 2.1. Let L{K be a geometric cyclic extension of degree ℓ with q ” ´1 mod ℓ.
As in Theorem 1.5, we choose w a Kummer generator for Lpξq{Kpξq whose minimal
polynomial is Xℓ ´ a such that y :“ σpwq ` w is a generator for L{K, so that the
minimal polynomial of y over K is Pℓ,u,αpXq as in lemma 1.1 where α “ a ` σpaq and
u :“ σpwqw P K. Let p be a place of K and P a place of L above p. We denote epP|pq
the index of ramification of P|p, We have
¨ when vpp
uℓ
α2
q ě 0 then
¨ vp
`
α
˘
‰ 0, p is of even degree and epP|pq “ ℓ
pℓ,vppαqq
.
¨ vp
`
α
˘
“ 0, epP|pq “ 1.
¨ when vpp
uℓ
α2
q ă 0 then
¨ epP|pq “ 2, if pvppuq, 2q “ 1.
¨ epP|pq “ 1, otherwise.
When ℓ is odd, one can choose y such that u “ 1, p is unramified if and only if
vppαq ě 0. Moreover, when p is ramified ,p is of even degree and
epP|pq “
ℓ
pℓ, vppαqq
.
Proof. Let p be a place of K, pξ a place of Kpξq above p and P a place of L above p
From [1, Theorem 5.8.12], since Kpξq{K is unramified and the index of ramification is
multiplicative in tower, p is unramified in L if and only if pξ is unramified in Lpξq. That
is, ℓ|vpξpaq. Thus, in order to prove the theorem, we need to determine vpξpaq in terms
of vppαq and vppuq. For if, note that a satisfies the equation
a2 ´ αa ` uℓ “ 0
since α “ a ` σpaq and uℓ “ aσpaq.
Moreover Kpaq “ Kpξq since a P KpξqzK, thus Kpaq{K is unramified.
We have ` a
α
˘2
´
a
α
“ ´
uℓ
α2
When vpp
uℓ
α2
q ă 0, we find by the triangular inequality for valuation that vpξ
`
a
α
˘
ă 0
and 2vpξ
`
a
α
˘
“ vpp
uℓ
α2
q then
vpξ
`
aq “ vσppξq
`
aq “
ℓvppuq
2
.
When vpp
uℓ
α2
q “ 0, by the triangular inequality, we obtain that vpξ
`
a
α
˘
“ 0, thus
vpξ
`
aq “ vpξ
`
α
˘
“ vp
`
α
˘
When vpp
uℓ
α2
q ą 0, then by Kummer theorem applied to the polynomial X2 ´X` u
ℓ
α2
,
we know that p splits in Kpξq, therefore, by [1, Theorem 6.2.1], we obtain that p is
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of even degree. Moreover, by the triangular inequality vpξ
`
a
α
˘
ě 0, for any place pξ of
Kpξq over p. More precisely, either vpξ
`
a
α
˘
“ 0 or vpξ
`
a
α
˘
“ vp
`
uℓ
α2
˘
. Moreover,
uℓ
α2
“
a
α
σ
` a
α
˘
Thus,
vp
`uℓ
α2
˘
“ vpξ
` a
α
˘
` vpξ
`
σ
` a
α
˘˘
“ vpξ
` a
α
˘
` vσppξq
` a
α
˘
From this we deduce that either
vpξ
` a
α
˘
“ 0 and vσppξq
` a
α
˘
“ vp
` u
α2
˘
that is,
vpξ
`
a
˘
“ vp
`
α
˘
and vσppξq
`
a
˘
“ ℓvp
`
u
˘
´ vp
`
α
˘
or
vpξ
` a
α
˘
“ vp
`uℓ
α2
˘
and vσppξq
` a
α
˘
“ 0
that is,
vpξ
`
a
˘
“ ℓvp
`
u
˘
´ vp
`
α
˘
and vσppξq
`
a
˘
“ vp
`
α
˘
This permitting to obtain the desire result. 
Remark 2.2. When ℓ is odd, one can choose a single place P8 at infinity in K such
that vP8paq ě 0 and thus P8 is unramified. (see [4, Corollary 3.12])
Lemma 2.3. Let ℓ be an odd integer. Let L{K be a cyclic extension of degree ℓ with
q ” ´1 mod ℓ. Given p a place of K. There is w a Kummer generator for Lpξq{Kpξq
whose minimal polynomial is Xℓ ´ a such that y :“ σpwq `w is a generator for L{K, so
that the minimal polynomial of y over K is Pℓ
1,α
pXq as in lemma 1.1 where α “ a`σpaq,
σpwqw “ 1 and either vppαq “ ´m where 0 ď m ď ℓ´ 1 or vppαq ě 0. Moreover, when
vppαq “ ´m where 0 ď m ď ℓ´1 then p is ramified and vppαq ě 0 then p is unramified.
Proof. Let p a place of K. By Corollary 1.8, there is v a Kummer generator for Lpξq{Kpξq
whose minimal polynomial is Xℓ ´ c such that z :“ σpvq ` v is a generator for L{K and
σpvqv “ 1 so that the minimal polynomial of z over K is Pℓ
1,β
pXq as in lemma 1.1 where
β “ c ` σpcq. From the proof of the previous lemma 2.1, we have that either vppβq ě 0
when vpξpcq “ 0 or p split Kpξq and for one of the place pξ above p, we have
vppαq “ vpξpcq “ ´vσppξqpcq ă 0
By Lemma 1.6, there is γ P Kpξq˚ such that
a “
σpγq
γ
.
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We write vpξpγq “ ℓs ` m where 0 ď m ď ℓ ´ 1, using weak approximation theorem
we choose λ P Kpξq such that vpξpλq “ ´s. So that
σpλq
λ
v is a Kummer generator for
Lpξq{Kpξq whose minimal polynomial is Xℓ ´ λℓc and
vpξp
`σpλq
λ
˘ℓ
cq “ ´vσppξqp
`σpλq
λ
˘ℓ
cq “ ´m.
By Lemma 1.4, there is η P Fqpξq
˚ such that σpηqη “ 1, w “ η
σpλq
λ
v is a Kummer
generator Lpξq{Kpξq with minimal polynomial Xℓ ´ a where a “ ηℓ
`σpλq
λ
˘ℓ
c and y :“
w`σpwq is a generator for L{K and its minimal polynomial is Pℓ
1,α
pXq with α “ a`σpaq
and vppαq “ ´m.

Lemma 2.4. Let ℓ be an odd integer. Suppose K “ Fqpxq. Let L{K be a cyclic extension
of degree ℓ with q ” ´1 mod ℓ. There is w a Kummer generator for Lpξq{Kpξq whose
minimal polynomial is Xℓ ´ a such that y :“ σpwq ` w is a generator for L{K so that
the minimal polynomial of y over K is Pℓ
1,α
pXq as in lemma 1.1 where α “ a` σpaq and
σpwqw “ 1 such that at any p place of K either vppαq “ ´m where 0 ď m ď ℓ ´ 1
or vppαq ě 0. Moreover, when vppαq “ ´m where 0 ď m ď ℓ ´ 1 then p is ramified,
vppαq ě 0 then p is unramified and vp8pβq ě 0 where p8 is the pole divisor of x so that
p8 is unramified.
Proof. By Corollary 1.8, there is w a Kummer generator for Lpξq{Kpξq whose minimal
polynomial is Xℓ ´ c such that z :“ σpvq ` v is a generator for L{K so that the minimal
polynomial of z over K is Pℓ
1,β
pXq as in lemma 1.1 where β “ c ` σpcq and σpvqv “ 1.
By Lemma 1.6, there is γ P Fqpξqrxs
˚ such that pσpγq, γq “ 1 and
c “
σpγq
γ
.
Since Fqpξqrxs is a unique factorization domain and we write
γ “
tź
i“1
γei
i
where γi are distincts irreducible polynomials in Fqrxs and ei “ ℓsi`mi where 0 ď mi ď
ℓ ´ 1, for 0 ď i ď t. Since pσpγq, γq “ 1 we have σpγiq ‰ γi.
Let λ “
śt
i“1 γ
´si
i
so that θ “ λℓγ “
śt
i“1 γ
mi
i
and
a :“
σpθq
θ
“
σpλℓγq
λℓγ
“
śt
i“1 σpγiq
mi
γmi
i
Moreover,
σpλq
λ
v is a Kummer generator for Lpξq Kpξq. By Lemma 1.4, there is
η P Fqpξq
˚ such that σpηqη “ 1, w “ η
σpλq
λ
v is a Kummer generator Lpξq{Kpξq with
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minimal polynomial Xℓ ´ a where a “ ηℓ
`σpλq
λ
˘ℓ
c and y :“ w ` σpwq is a generator for
L{K and its minimal polynomial is Pℓ
1,α
pXq with
α “ a ` σpaq “
γ2 ` σpγq2
γσpγq
“
θ2 ` σpθq2śt
i“1pγiσpγiqq
mi
γiσpγiq is then an irreducible polynomial in Fqrxs and pθσpθq, θ
2 ` σpθq2q “ 1 so that
if pi is the finite place of K corresponding to γiσpγiq, vpipa ` σpaqq “ ´mi. Clearly, at
any other finite place, vpipa ` σpaqq ě 0.
Finally, since degpθq “ degpσpθqq, we have vp8paq “ 0, so that vp8pa ` σpaqq ě 0,
concluding the proof of the lemma.

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